CURVATURE FLOW TO NIRENBERG PROBLEM 
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Abstract. In this note, we study the curvature flow to Nirenberg prob- 
lem on with non-negative nonlinearity. This flow was introduced by 
Brendle and Struwe. Our result is that the Nirenberg problems has 
a solution provided the prescribed non-negative Gaussian curvature / 
has its positive part, which possesses non-degenerate critical points such 
that A32 / > at the saddle points. 
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1. Introduction 

In the interesting paper [7J, M. Struwe studied a heat flow method to the 
Nirenberg problem on 5^. This kind of heat flow in conformal geometry was 
considered by S. Brendle in 0. Given the Riemannian metric g on 5^ with 
Gaussian curvature K. Using the well-known Gauss-Bonnet formula 



Kdvg = An, 

we know that K has to be positive some where. This gives a necessary con- 
dition for the Nirenberg problem on S'^. Assuming the prescribed curvature 
function / being positive on S^, the heat flow for the Nirenberg problem S"^ 
is a family of metrics of the form g = e^"(^'*) c satisfying 

(1) ut = af-K, X G 5^ t>0, 

where c is the standard spherical metric on 5^, u : S"^ x (0,T) R, and 
a = a{t) is defined by 

(2) a / fdvg = 47r. 

Here dvg is the area element with respect to the metric g. It is easy to see 
that 



/ fdvg = 2a {K - af)fdvg. 



at 

M. Struwe can show that the flow exists globally, furthermore, the flow con- 
verges at infinity provided / is positive and possesses non-degenerate critical 
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points such that Ag2f > at the saddle points. Here Ag2 := A is the Ana- 
lyst's Laplacian on the standard 2-sphere {S'^,c). Recall that dvc = 47r. 
The purpose of this paper is to relax his assumption by allowing the function 
/ to have zeros. 
Since we have 

K = e^^'i-Au + l), 

the equation ([T]) define a nonlinear parabolic equation for u, and the flow 
exists at least locally for any initial data u\t=o = uq. Clearly, we have 

dt j dvg = 2 j S^utdvg = 0. 

We shall assume that the initial data uq satisfies the condition 

(3) J fe^^dv, > 0. 

We shall show that this property is preserved along the flow. It is easy to 
compute that 

(4) Kt = -2utK - Agut = 2K{K - af) + Ag{K - af), 

where Ag = e~^"A. Using ([H), we can compute the growth rate of the 
Calabi energy J^a \K — af\^dvg. 
Our main result is following 

Theorem 1. Let f he a positive somewhere, non-negative smooth function 
on S'^ with only non- degenerate critical points on the its positive part /+. 
Suppose that there are at least two local positive maxima of f , and at all 
positive valued saddle points q of f there holds Ag2 f{q) > 0. Then f is the 
Gaussian curvature of the conformal metric g = e^"c on S"^ . 

Note that this result is an extension of the famous result of Chang- Yang [3] 
where only positive / has been considered. A similar result for Q-curvature 
flow has been obtained in [9j. 

For simplifying notations, we shall use the conventions that dc = ^ and 
u = u{t) defined by 

/ (u — u)dvc = 0. 

2. Basic properties of the flow 
Recall the following result of Onofri-Hong [5] that 

(5) / (|Vn|2 + 2u)dc > log( / e^^dc) = 0, 

where |Vnp is the norm of the gradient of the function u with respect to 
the standard metric c. Here we have used the fact that e'^^dc = 1 along 
the flow 



CURVATURE FLOW TO NIRENBERG PROBLEM 3 

We show that this condition is preserved along the flow ([I]). In fact, 
letting 

E{u) = / (iVup +2u)dc 
be the Liouville energy of u and letting 

Ef{u) = E{u)-\og{l fe^'^dc) 
be the energy function for the flow ([1]), we then compute that 
(6) dtEfiu) = -2 [ \af - K\^dvg < 0. 

One may see Lemma 2.1 in [7] for a proof. Hence 

Ef{u{t)) < Ef{uo), t > 0. 
After using the inequality ^ we have 

log(l/ / /e^-dc) < Efiuo), 

which implies that fe^^dvc > and 

Note also that fe^'^dc = l/a{t). Hence, 

1 



g-Ej(uo) ■ 

Using the deflnition of a{t) we have 

1 



a{t) < 
I we ha 
a{t) > 



max52 / 

We then conclude that a{t) is uniformly bounded along the flow, i.e., 
(7) -^-^ < a{t) < ^ 



max52 / e^f{uo) ■ 

We shall use this inequality to replace (26) in [7] in the study of the normal- 
ized flow, which will be deflned soon following the work of M.Struwe [7]. If 
we have a global flow, then using ([6]) we have 

poo p 

2 dt \af - K\'^dvg < 4TT{Ef{uo) +\ogmaxs2f). 
Jo Js^ 

Hence we have a suitable sequence ti ^ oo with associated metrics gi = 
g{ti) and Oi{ti) ^ a > 0, and letting Ki = K{gi), such that 

Ki-aff^O, (ti ^oo). 

Therefore, once we have a limiting metric i^oo of the sequence of the metrics 
gi, it follows that K{goo) = af. After a re-scaling, we see that / is the 
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Gaussian curvature of the metric (3goo for some /? > 0, which imphes our 
Theorem [H 

3. Normalized flow and the proof of Theorem [T] 

We now introduce a normahzed flow. For the given flow g{t) = e^"*^*^c on 
S^, there exists a family of conformal diffeomorphisms (f) = (j){t) : — > S'^, 
which depends smoothly on the time variable t, such that for the metrics 
h = (l)*g, we have 



xdvh = 0, for all t > 0. 

Here x = (x^, x^, x^) € 5"^ C i?^ is a position vector of the standard 2-sphere. 
Let 

V = u o (f) + - \og[det{d(t))) . 

Then we have h = e^'"c. Using the conformal invariance of the Liouville 
energy f3], we have 

E{v)=E{u), 

and furthermore, 

Vol{S'^,h) = Vol{S^,g) = 4tt, for all t > 0. 

Assume u{t) satisfies ([1]) and ([2]). Then we have the uniform energy 
bounds 

< E{v) < E{u) = Ef{u) + log( / /e^^dc) < Ef{uo) + log(max/). 
Using Jensen's inequality we have 



2v := / 2vdc < log( / e'^^'dc) = 0. 



Using this we can obtain the uniform norm bounds of v for all t > 
that 

sup|w(t)|^i(52) < C. 
t 

See the proof of Lemma 3.2 in [7]. Using the Aubin-Moser-Trudinger in- 
equality [1] we further have 

sup / e^^^'^'Uc < C{p) 

for any p > 1. 
Note that 

Vt = Uto4> + -e-^-^divs^i^e^") 

where ^ = {d(f))~^(j)t is the vector field on 5^ generating the flow {(/)(t)), 
t > 0, as in [7], formula (17), with the uniform bound 



^dVg. 
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With the help of this bound, we can show (see Lemma 3.3 in ^) that for 
any T > 0, it holds 

sup < +00. 

0<t<TJs^ 

Following the method of M.Struwe [6] (see also Lemma 3.4 in [7]) and using 
the bound ([7]) and the growth rate of q, we can show that 

[ \af - K\^dvg 

as t oo. Once getting this curvature decay estimate, we can come to 
consider the concentration behavior of the metrics g{t). Following [6], we 
show that 

Lemma 2. Let (ui) be a sequence of smooth functions on 5^ with associated 
metrics gi = e^"'c with vol{S'^,gi) = 'iir, I = 1,2,.... Suppose that there is 
a smooth function K^, which is positive somewhere and non-negative in 5^ 
such that 

\K{gi) - Koo\L2(^s\gi) 

as I ^ oo. Let hi = tp^gi = e^^'c be defined as before. Then we have either 

1) for a subsequence I oo we have ui u^o in H'^{S'^, c), where g^o = 
g2Moog fj^g^g Gaussian curvature K^o, or 

2) there exists a subsequence, still denoted by {ui) and a point q S"^ with 
Koo{q) > 0, such that the metrics gi has a measure concentration that 

dVg^ 4:TT5g 

weakly in the sense of measures, while hi ^ c in H'^(S'^, c) and in particular, 
K{hi) 1 in L^(5^). Moreover, in the latter case the conformal diffeomor- 
phisms (pi weakly converges in H^{S'^) to the constant map (poo = q. 

Proof. The case 1) can be proved as Lemma 3.5 in [7]. So we need only to 
prove the case 2). As in [7], we choose qi G 5^ and radii r; > such that 

sup / \K{gi)\dvgi< / \K{gl)\dvg^ = TT, 

qdS^ J B{q,n) JB{qi,ri) 

where B{q,ri) is the geodesic ball in {S'^,gi). Then we have n ^ and we 
may assume that qi ^ q as I ^ oo. For each /, we introduce (j)i as in Lemma 
3.5 in [7J so that the functions 

ui = ui o ,Pi + ^ log(det(#/)) 

satisfy the conformal Gaussian curvature equation 

-^R2Ui = kie^'^\ on R^, 

where Ki = K{gi) o (j) and A^2 is the Laplacian operator of the standard 
Euclidean metric (7^2. Note that for gi = (j)*gi = e^"'5(^2, we have 

Vol{R^gi)=Vol{S^gi)=A7T. 
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Arguing as in we can conclude a convergent subsequence in — > Uoo in 
^loci^) where Uoo satisfies the Liouville equation 

-A^2'Uoo = Koo(g)e^^°°, on i^^ 

with the finite volume Jf^2 e'^^°°dz < Air. 

We remark that blow up point only occurs at point where Koo > pro- 
vided we allow Koo to change sign. We only need to exclude the case when 
Koo{q) < 0. It is clear that Kao{q) < can not occur since there is no 
such a solution on the whole plane [8\. If Kao{q) = 0, then u := -Uqo 
is a harmonic function in R^. Let u{r) be the average of u on the circle 
dBr{0) C i?^ Then we have 

Aji2U = 0. 

Hence u = A + Blogr for some constants A and B, where r = Since u 
is a continuous function on [0, oo), we have u = A, which is impossible since 
we have by Jensen's inequality that 

/"OO f 

2tt / e^^^'^Vdr < / 6^"°°^^ < 47r. 
Jo JR-i 

We now have Koo{q) > 0. Recall that we have assumed K^o > 0. So we 
can follow the proof of Lemma 3.5 in [7]. In fact, using the classification 
result of Chen-Li [4] we know that Mqo can be obtained from stereographic 
projection S"^ — > R^ with 

/ Koo(g)e2^-dz = 47r. 
Thus for any large ii > 0, we have error o(l) ^ as / ^ co such that 
Att= [ [ K^{q)e^^°-dz< I Kidvi + o{l) < f \Ki\dvi + o{l) . 

Then the remaining part can be derived as in . We confer to for the 
full proof. 

□ 

With this understanding, we can do the same finite-dimensional dynamics 
analysis as in section 4 in [7]. Then arguing as in section 5 in [7J we can 
prove Theorem [TJ By now the argument is well-known, we omit the detail 
and refer to [7J for full discussion. 
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